Abstract-A unified graphical modeling technique, "Switching Flow-Graph" is developed to study the nonlinear dynamic behavior of pulse-width-modulated (PWM) switching converters. Switching converters are variable structure systems with linear subsystems. Each subsystem can be represented by a flow-graph.
I. INTRODUCTION
WITCHING converters are pulsed and nonlinear dynamic S systems. Such a system may be stable in the vicinity of the operating point; however, if the system is perturbed enough to cross a separatrix, it may never return to its operating point. A small-signal model does not predict the stability information when the system is subject to large perturbations. A largesignal modeling tool is necessary to study the global dynamic behavior of switching converters and to design robust systems. There have been efforts in the past to model large-signal dynamics [2] , [3] . [2] provides a large-signal trajectory study for sliding mode converter systems only. The model presented in [3] is in two forms, a discrete-time equation for use in computer simulations and a continuous-time matrix expression for physical understanding. Since the model is in a matrix form, discrete-time or continuous-time, the cause-and-effect relationship between the circuit parameters and the circuit dynamics are not very obvious. Those models [2] , [3] do not provide a unified general form for large-signal, small-signal, and steady-state analysis.
In this paper a general graphic nonlinear modeling tool, the Switching Flow-Graph technique, is developed to reveal the global and local dynamic properties of switching converters. This technique utilizes the state space averaging concept [ 11 and is an extension of linear circuit flow-graph theory. The proposed modeling tool is a graphic modeling tool, and for the first time clearly presents the cause and effect of the large-signal dynamics of the switching converters, which gives directions for parameter adjustment in the engineering design. The proposed modeling tool provides unified large-signal, steady-state, and small-signal models for switching converters, which is significantly advanced from the existing modeling tools.
Though a switching converter is overall a nonlinear system, it is equivalent to a linear circuit, the ON-circuit, when the switch is in the ON state, and it is equivalent to another linear circuit, the OFF-circuit, when the switch is in the OFF state. The ON-circuit and the OFF-circuit can be described by their respective flow-graphs. The Switching Flow-Graph is obtained by combining the flow-graphs of the ON-circuit and the OFFcircuit through the use of switching branches. The switching branches are the only nonlinear components in the Switching Flow-Graph; therefore, the modeling work is reduced to the switching branches. The Switching Flow-Graph technique is very easy to use, and it provides a visual understanding of switching converter systems. It can predict large-signal, small-signal, and steady-state behavior of switching converter systems. The result of the small-signal model is identical to the state-space averaging method, the result of the largesignal model has been verified by experiments. This technique is described in Section 11. In Section 111, a buck converter with input filter was built to verify the Switching Flow-Graph technique. Conclusion and discussions are given in Section IV.
SWITCHING FLOW-GRAPH MODEL
Flow-graph is a symbolic language for the description of linear dynamic systems that provides a graphic representation of the signal flow within the system. This language is extended to describe the nonlinear dynamics of switching converters.
Flow-Graph Background
The signals are represented by nodes, which are schematically represented by small circles in the diagrams. The nodes are connected by branches, line segments with arrows. The signals flow only in the direction of the arrow on each branch. Each branch has a transmittance or gain indicated next to it and the signals passing along that branch are multiplied by the branch transmittance. The signal at a node is the sum of all signals entering the node. Input nodes, nodes with output branches only, represent independent variables. A normal node has both inputs and outputs, but can be considered as an output node. A path is any collection of a continuous succession of branches traversed in the same direction. A forward path is a path that starts at an input node and ends at an output node, along which no node is traversed more than once. A loop is a path that originates and terminates on the same node, and along which no other node is encountered more than once. The procedure for constructing the flow-graph of a system is straightforward. First each variable of interest is assigned a node on the flow-graph. Next the nodes are interconnected as required by the specific system configuration. Once all the nodes are properly connected, the flow-graph is complete.
Consider a simple RG circuit as an example as shown in Fig. 1 , where vg is the input voltage, v c is the voltage across the capacitor, ic is the capacitor current, i~ is the resistor current, and VR is the output voltage. To create the flow-graph for this RC circuit, first assign five nodes from left to right to denote vg, v c , ic, i~, and V R , respectively, as shown in Fig. 2 (a) . From Kirchhoff's law, it is found that:
where C is the capacitance, R is the resistance, and s is the Laplace complex number s = (~+ j w .
These relations are used to connect the nodes in Fig. 2 (a) , to produce the flow-graph shown in Fig. 2 (b) .
The node that represents the input voltage vg is an input node, while the other nodes are normal nodes. V R is also considered as an output node. The path from vg to V R is a forward path. The path originating from node vc, traversing i,, ZR. VR, and ending at node vc forms a loop. From the flowgraph, the input to output transfer function can be obtained for the circuit:
To derive transfer functions for more complicated circuits, Flow-graph algebraic rules or Mason's formula [4] are recommended.
Switching Flow-Graph
Switching converters are nonlinear dynamic systems; however, deeper insight reveals that switching converters are systems with variable structure. A switching converter, in continuous mode, contains two linear subcircuits. The subcircuits share common elements, such as inductors, capacitors, and resistors, connected in different topologies. The switch of the converter operates at a frequency, either constant or variable, and alters the system between the two linear subcircuits. This conceptual view provoked the motivation to model these two linear subcircuits using flow-graphs, then to relate the flowgraphs to each other using switching branches.
Suppose Nodes are assigned to each variable and are connected to form a flow-graph GON according to the ON-circuit configuration.
During the time when the switch S is in the OFF position, TON < t < T,, the converter is switched to the OFF-circuit.
The OFF-circuit contains the same circuit elements as those in the ON-circuit; therefore, it preserves the same variables. The same nodes, which were used for the ON-circuit, are used to represent the OFF-circuit variables. However, the nodes are connected according to the OFF-circuit configuration to form a flow-graph 6 0~~.
The two flow-graphs, DON and GOFF, have exactly the same nodes. However, some branches that exist in GON may not exist in GOFF, and some branches that exist in GOFF may not exist in GON. The two flow-graphs GON and GOFF can be topologically merged by the following equation:
where k and are two complementary switching functions.
1 O<t<T,,
Two switching branches, the Ic-branch and its complemen- switching branches, the k-branch and the 2-branch; therefore, it is defined as a Switching Flow-Graph . The switching control signals are injected into the converter through these switching branches.
Consider the buck-boost converter, shown in Fig. 4 (a), as an example, where vg is the input voltage, L is the inductor, C is the capacitor, R is the load, RL is the parasitic resistance of the inductor, and S is the switch. Define U L , U R~, and U, as the inductor voltage, the parasitic-resistor voltage, and the output voltage respectively. Define i,, ZL, and io as the input current, the inductor current, and the output current flowing in the same direction as U,, U L , and U, respectively. The quantity Z , is the sum of the load current and the capacitor current ic. The two subcircuits, the ON-circuit and the OFF-circuit, are shown in Fig. 4 (b) . When the switch is ON, the buck-boost converter is equivalent to its ON-circuit, and when the switch is OFF, it is equivalent to its OFF-circuit. The two subcircuits can be described by their flow-graphs, EON and EOFF, shown in Fig. 5 (a) . These two flow-graphs share all of the nodes and part of the branches. By overlapping BON and EOFF, it is easily seen that some branches exist in both 6 0~ and EOFF, while other branches exist only in one of them. Branches that exist in EON but not in EOFF are replaced by k-branches, and the branches that exist in EOFF but not in GON are replaced by %-branches. Therefore, EON and DOFF are combined to form one Switching Flow-Graph E, shown in Fig. 5 (b) . In addition, the Switching Flow-Graph D of the buck-boost converter can be simplified using the algebraic rules as shown in sentations of the real switches. The real switches in switching converters could have very different behavior depending on their voltage, current, and load conditions; therefore, it is very difficult to make a general model for the real switches. When switching converters are presented by Switching FlowGraphs, the switches are transferred into generalized switching branches: k-branches and SF-branches. Unified models for switching branches are easy to obtain.
Large-Signal Model
Suppose that the signal entering the k-branch is a(t), and that the output signal of the switching branch is ~( t ) .
The input signal z ( t ) is chopped by the switching function, as shown in Fig. 7 . The output signal y(t) of the switching branch is a chopped waveform with an envelope equal to the input signal z ( t ) , a pulse frequency equal to the switching frequency f8, and a pulse width equal to TON.
Assume that the small ripple condition is satisfied; therefore, the filter comer frequency is much smaller than the switching frequency. The effective signal carried at the output of kbranch is equal to its average value over a switching cycle:
x z(t)-
(1 1) Similarly for the %-branch, the input signal z ( t ) , and output signal y (t) have the relation:
where d ( t ) and d'(t) are the averages of the switching functions k ( t ) and x(t), respectively, and they represent the duty-ratio of the switch.
Switches are controlled by their duty-ratio function. Equations (11) and (14) indicate that the output signal y(t) from the switching branches is the product of the input signal z ( t ) and the duty-ratio control signal d ( t ) or d'(t), thus it is directly affected by the input signal x ( t ) and controlled by the duty-ratio d ( t ) or d'(t). Therefore, the large-signal model of the switching branches is represented by a single multiplier, as shown in Fig. 8 . The large-signal model of a switching converter is obtained by replacing the switching branches with the large-signal models of the switching branches in the Switching Flow-Graph G.
The large-signal model is shown in Fig. 9 for the same buck-boost converter discussed in the previous section. This model can be directly entered to the TUTSIM [5] simulation program to simulate the circuit dynamics. The input to output large-signal response can be obtained by injecting a signal into node vy, and observing the output at the node v,,. In addition, the input impedance can be determined by detecting the signal at node 2,. Injecting a signal into node d ( t ) and detecting the output at node U,, generates the control to output large-signalresponse. Injecting a signal into the node v, and detecting the signal at node io yields the output impedance.
It is very easy to obtain the global view of the dynamic behavior of the system by entering the model into a computer simulation program. From the study of the large-signal dynamic behavior, a desired stable operating region can be found. Inside this region, the system can be linearized in the vicinity of the operating point to obtain the small-signal frequency response.
Steady-State Model
The large-signal models of the k-branch and the x-branch presented in the previous section can be modified to generate a steady-state model of the switching branches. Assume that the input signals and the duty-ratio control signals, z(t), d ( t ) , and d'(t), entering the switching branches are constant. That is:
Then the output signal y(t) of the switch is also constant:
Thus, the switching branches degenerate to standard branches, as shown in Fig. 10 . In the steady-state, the k-branch has only one input signal, X; the transmittance of the branch is D and the output signal is Y . Similarly, for the E-branch,,the input signal is X, the transmittance of the branch is D and the output signal is Y .
Substitution of these steady-state models into the Switching Flow-Graph of the switching converter for the switching branches, and assuming S + 0, immediately yields the steadystate model of the switching converter. The steady-state model of the buck-boost converter is shown in Fig. 11 .
Relations between state variables, such as the input-tooutput gain, the dc relations between the state variables, and 
Small-Signal Model ronment, the input and output signals have the relationships:
For the k-branch and the E-branch, in the large-signal envi- Inserting Equations (28), (29), (31) and (32) into the largesignal switching branch relations (26) and (27), yields the equations for the small-signal perturbations. (33) for the k-branch and (34) for the &branch. At the operating point, the k-branch and the %-branch satisfy:
Neglecting the second-order perturbations, yields the smallsignal switching branch equations:
The small-signal models of the switching branches are shown in Fig. 12 . Substitution of the small-signal models for the switching branches in the Switching Flow-Graph immediately generates the small-signal model. The small-signal dynamic model is shown in Fig. 13 for the same buck-boost converter discussed in the last section. It can be further simplified using the flow-graph algebraic rules. 
gain -~( L~+ R L ) I L D'
The transfer function, shown in Equation (39), which represents the relationship between the small-signal control d ( t ) and the output 6,, can be simplified using the steady-state relations of Equation (22) 
-
The steady-state model yields the steady-state relations, which are useful in determining the efficiency and other steady- to verify switching Flow-Graph technique.
The small-signal transfer functions, obtained using the Switching Flow-Graph technique, are the same as those obtained using the state-space averaging technique; however, the Switching Flow-Graph technique provides a more visible and faster way to obtain the small-signal models for switching converters. The Switching Flow-Graph models generate a simple representation of the signal processing in switching converters. In addition, the Switching Flow-Graph facilitates the determination of the input and output impedance:
The Switching Flow-Graph technique is an easily implemented graphic modeling tool for switching converter design and analysis. This technique provides a large-signal model, a small-signal model, and a steady-state model. The largesignal model gives a global view of the switching converter, thus it can be used to find the convergent operating region and to design a converter that operates in a desired region.
Experimental Circuit
A buck converter has a linear second-order relation from its control to output when there is no input filter. However, the dynamic behavior of the buck converter is dramatically changed by the existence of an additional input filter. The system becomes nonlinear and right half plane (RHP) zeros may appear in its sjmall-signal transfer function. Thus, a buck converter with an input filter, as shown in Fig. 16, was chosen for the experiments. L1 and Lz are the input and output inductors, C1 and CZ are the input and output capacitors, R L~ and R L~ are the parasitic resistance, and R is the load resistance. Define wg as the input voltage, wL1 and w~2 as the voltages across L1 and Lzr wcl as the voltage across C1, and wo as the output voltage. Define i, as the input current, i~1 and i~2 as the currents through L1 and L2, icl as the current through C1, and io = i~2 = i~ + icz as the output current.
All currents flow in the same direction as their associated voltages.
Large-Signal Model
The large-signal model for the buck converter with input filter is shown in Fig. 17 . To entered directly to the TUTSIM simulation program. Users specify the transmittance and the inputs for each branch, define the injecting function of the duty-ratio, and give the initial condition, the simulation step size, and the starting and stopping times. The file to simulate the step response is shown in Fig. 18 . The experiments verified the Switching Flow-Graph largesignal model. This model can be utilized to predict the large-signal behavior of the PWM switching converters, and to provide global stability information.
Small-Signal Model
The small-signal linearized model plays an important role in the study of local small-signal dynamic behavior. For the buck converter with input filter, including the two parasitic resistors, the small-signal model is shown in Fig. 21 . The control to output transfer function is derived from the Switching FlowGraph model: 
IV. CONCLUSION
The Switching Flow-Graph technique provides a unified graphical representation of the large-signal model, the smallsignal model, and the steady-state model for any given PWM switching converter. The graphic models are very easy to obtain and they yield a visual representation of switching converter systems. The large-signal model and the small-signal model are verified by experiments. The measurements and the theoretical predictions agree very well. This technique can be used to model very complicated switching converters, such as the coupled inductor converter, linear feedback systems, and nonlinear feedback systems, etc. The modeling procedure is as follows: First, find the two subcircuits, the ON-circuit, when the switch is ON, and the OFF-circuit, when the switch is OFF, for the given switching converter. Second, draw the flow-graphs for the two subcircuits and combine them using the switching branches. Then, replace the switching branches with their large-signal switch models to obtain the large-signal Switching FlowGraph, replace the switching branches with their small-signal switch models to obtain the small-signal Switching FlowGraph, or replace the switching branches with their steadystate switch models to obtain the steady-state Switching FlowGraph . Finally, the algebraic rules of the flow-graph can be used to simplify the small-signal model or the steady-state model.
The large-signal model is compatible with the TUTSIM simulation program. By simply entering flow-graph branches, the interconnections, the step size for the simulation, and the initial conditions, the program automatically generates the large-signal dynamic response. The large-signal model gives a global view of the system dynamics, which enables the designer to understand the limits of the system, and helps the designer to achieve robust control. The small-signal model provides analytic and graphic frequency response relations between each variable. This enables the designer to do smallsignal performance adjustments. These procedures may need to be repeated before a satisfactory closed-loop switching converter design is obtained. However, the approach using Switching Flow-Graph technique is faster, easier, and more robust than other modeling tools.
